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Topology of the Symmetry Group of the Standard
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We study the topological structure of the symmetry group of the standard model,
Gsiy = U(1) X SU(2) X SU(3). Locally, Ggy = S' X (S*)* X S§°. For SU(3),
which is an S>bundle over S° (and therefore a local product of these spheres)
we give a canonical gauge i.e., a canonical set of local trivializations. These
formulas give explicitly the matrices of SU(3) without using the Lie algebra
(Gel>Mann matrices). Globally, we prove that the characteristic function of SU(3)

is the suspension of the Hopf map S° i)SZ. We also study the case of SU(n) for
arbitrary n, in particular the cases of SU(4), a flavor group, and of SU(5), a
candidate group for grand unification. We show that the 2>sphere is also related
to the fundamental symmetries of nature due to its relation to SO°(3, 1), the
identity component of the Lorentz group, a subgroup of the symmetry group of
several gauge theories of gravity.

1. INTRODUCTION

A typical gauge theory on a spacetime M* is a theory of connections
on a principal G>bundle & over M*, where G is the symmetry group. The
connections are coupled to matter fields, which are sections of associated
bundles of &, defined by linear representations of G.

As is well known, the symmetry group of the electroweak and strong
forces (standard model) before spontaneous symmetry breaking is given by
(Taylor, 1976)

Gsy = U(l) X SU(2) X SU(3)
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After symmetry breaking, however, Gsy breaks down to Gty = U(1) X
SU(3), the remaining exact symmetry of the electromagnetic and color forces.

In this paper, we study U(1), SU(2), and SU(3) as total spaces of certain
principal bundles. In particular, for the case of SU(3), this allows us to give
explicit expressions of the matrices of the group without the use of the
exponential map applied to linear combinations of the Gell>Mann matrices
(GelbMann and Ne’eman, 1964). Moreover, we show that the characteristic

function of SU(3) is the suspension of the Hopf map S* i) S% and, as suggested
to us by G. Naber (Naber, 1998), this fact might be related to the existence
of smooth magnetic monopoles in gauge theories. We also show that as an
SU(n — 1)bundle, the group SU(n) has a reduction to SU(n — 2) when n is
even, and has no such reduction when # is odd (n = 3). This bundle reduction
is similar to that which occurs in the Higgs mechanism in the context of
spontaneous symmetry breaking (Choquet>Bruhat ez al., 1989).

The group U(1) is the circle or Dysphere S', the unit complex numbers,
which is the total space of the real Hopf bundle

oF
N
The group SU(2), given by all complex matrices

-w

A=(Z ’ZV) with det 4 = 1

is the 3rsphere S° or unit quaternions, since if z = ot + iy and w =y + i3,
then the condition of unit determinant is o> + B> + y> + & = 1. SU(2) is
the total space of the complex Hopf bundle

K§
st —s 58
In the mathematical literature it is well known that for alln = 2, 3, . ..
the groups SU(n) are principal SU(n — 1)>bundles over the (2n — 1)»spheres,
i.e., that one has the pairs of maps (Steenrod, 1951)
Ty
SU(n — 1) > SU(n) — s
where 1 and 7 are the canonical inclusion and projection, respectively. In
particular, for n = 3 one has the SU(2)>bundle
n3
SU(2) »SU3) =S

which in particular means that locally SU(3) = §° X §° since SU(2) = S
moreover, according to the theory of bundles, the isomorphism classes of
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SU(2)>bundles over S° are in onertorone correspondence with the fourth
homotopy group of SU(2), i.e., ksua(S®) © TL(SUQ)) = TI«(S*) = I, =
{0, 1}: 0 corresponds to the trivial bundle, S° X §*, while 1 corresponds to
SU(3) (see Section 3.2). In other words, SU (3), the symmetry group of the
strong interactions, is the unique (up to isomorphism) nontrivial SU (2)>
bundle over the S>sphere, and as this result shows, it is also constructed from
spheres, though not globally. This means that

Gsu = St X (8% X §°

and, after symmetry breaking

Gy = S'X $ X 8

loc.

For higher n, however, uniqueness is lost since, for example, for n =

4 and n = 5 one has the bundles

SUG) —>SU@4) 5§

and

s
SU@4) —SU(5) =5
respectively, and ksu)(S) < He(SU(3)) = Zs and ksya(S”) < Ts(SU4))
= 7 (Tto, 1993). Notice, however, that locally any SU(n) is a topological
product of odd>dimensional spheres:

SU(4) = S7 X SU(3) = STXS$ XS

SU(5) = S X SU(4) = XS xS xS
SU(n) = ST STIX L. XS XS

This expression allows us to define a formula which gives, in a canonical
way, any element of SU(n) in terms of points of spheres.
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A different approach to the study of geometrical aspects of the standard
model and general relativity is that of Saller (1998), who considers matter
fields as sections of associated bundles defined by (nonlinear) representations
on coset spaces of Lie groups. In general relativity, we study the Lie group
isomorphism between the proper orthochronous Lorentz group and the group
of conformal maps of the 2»sphere, while Saller studies the coset space
GL4(R)/O(3, 1) as a parameter space for the Lorentzian metrics on spacetime.

In Section 2ﬂwe briefly review the global construction of the bundle

SU12) — SU(3) —; S% and construct a canonical set of local trivializations
of SU(3), starting from the (canonical) homogeneous coordinates on CP?
the complex projective plane. These formulas exhibit SU(3) as a local product
of spheres and, moreover, give explicit expressions for all the matrices of
SU(3) in terms of the spheres S° and S°.

The above choice of coordinates is natural since for all n > 2, $" ! is
a principal bundle over CP"~' with fiber S' (complex Hopf bundles):

Sl
T g1
SU(n — 1) =>SU(n) — c

iKn

cp!

and CP"~' has n canonical charts defining its homogeneous coordinates.
Then the bundle m,, for all n, can be locally trivialized in a canonical way,
n being the number of local trivializations. In the following the Hopf map
k$ will be denoted by /. If ) € 8° C € (| + [wP = 1) and CP' is
identified with the Riemann sphere € = € U {0}, then / is given by

(z)_{z/w, wF0
h = —
w 0, w=0

It can be proved that % is essential, i.e., it is not homotopic to a constant
map (Spanier, 1966).

In Section 3 we prove that the characteristic (or clutching) map of SU(3)
is the suspension of the Hopf map S° —> §2. Since the clutching map allows
to construct the bundle, then SU(3) is built from information contained in
the Hopf map. This map, besides having great importance in homotopy theory,
plays a relevant role in physics, e.g., in the geometrical description of the
spin»1/2 system (Ashtekar and Schilling, 1995; Corichi and Ryan, 1997) and
the Dirac monopole of unit magnetic charge (Wu and Yang, 1975).
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In Section 4 we investigate the general case of SU(n) and, using a result
of Steenrod for U(n), we prove that for even n, n = 2, the characteristic map
gni1: S = SU(n) of SU(m + 1) is a homotopy lifting of the (2n — 3)th
suspension of 4. (If Z L Yisa projection and X — Y is a continuous funtion,
then p lifts f if there is a continuous function X %5 7 such that pog=r
The lifting is up to homotopy if p © g ~ f) On the other hand, for odd =,
n =3, T, g+ 1s inessential or nullhomotopic (i.e., homotopic to a constant
map). From the physical point of view, the cases of SU(5) and SU(4) are
particularly interesting, since SU(5) is a candidate group for grand unification
(Mohapatra, 1986), and SU(4) is a flavor group.

Using the concept of bundle reduction (see, e.g., Aguilar and Socolovsky,
1997a), we give a geometric interpretation to these results, namely if # is
odd, then SU(n) as an SU(n — 1)>bundle does not have a reduction to SU(n —
2), and if n is even, then it has such reduction. These reductions refer to the
internal structure of the symmetry groups, while those associated with the
Higgs mechanism (Choquet>Bruhat ez al., 1989) are related to the geometry
of the principal bundles describing the gauge theories.

In Section 5 we briefly discuss how the 2>sphere S* appears in the
context of the symmetry group of the fundamental interactions due to the
canonical isomorphism between its conformal group and SO°(3, 1), the proper
orthochronous Lorentz group.

2. THE BUNDLE S* — SU(Q3) 36
2.1. The Groups U(3) and SU(3)

The n>d1meg51ondl complex vector space C" equipped with the Hermitian
scalar product {(z, w) = X/=; z;w; is a Hilbert space. The n X n complex
matrices which leave (,) invariant form the group U(n), i.e., U(n) = Aut (C",
()): the group of automorphisms of C" as a Hilbert space. If A € U(n) and
A* is the transpose conjugate matrix, then 4¥4 = I, i.e., A* = A7, so |det
A‘ = 1 and dimgr U(n) = n* The topology of U(n) is inherited from the
vector space of n X n complex matrices, which is isomorphic to Euclidean
space E*"". U(n) is a Lie group and SU(n) is the closed Lie subgroup consisting
of matrices whose determinant is 1. Since U(n) is compact, SU(n) is also
compact.

For n = 3, SU(3) is 2>connected, i.e., [I(SU(3)) = 0 for k = 1, 2, and
[15(SU3)) = Z. Topologically, U(3) = SU(3) X U(1), then U(3) is connected
but not 1>connected since I1,(U(3)) = Z
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2.2. The Inclusion and Action SU(2) — SU(3)

Let

" z w 0
L SU(2) > SU (3), (_Zv; E)H -z 0
0 o0 1

be the inclusion of SU(2) into SU(3); callSU(2)" = «(SU(2)). Clearly SU(2)" =
SU(2), both topologically and as a group. The right action SU(3) X SU(2)" —
SU(3) is given by matrix multiplication (B, 4) — BA, i.c.,
a B v z w0 oz —PBw aw+ Pz vy
6 ¢ ol-w z 0|=|0z—ew Ow+e ¢
Kk A ppO 0 1 Kz—Aw Kw+Az pu
Let ¢: SU(3) — SU(3)/SU(2)" be the quotient map, i.e., ¢(B) = [B],
where SU(3)/SU(2)’ is the orbit space {[B]} pe su(3) With the quotient topology,
and [B] = BSU(2)', in particular, [/] = SU(2)". Notice that |[y[> + |o|* +

P =1, ie.
Y
o |le sscC?
n
It is easy to verify that the following diagram commutes:
SU@3)
N N
SUG)SUR) = §°
where

and  k([B]) =B

—_— O o

T(B) =

T B <

In particular,

—_— o O

k() =

K turns out to be a homeomorphism with inverse
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’Y “ee 'Y
x| ¢ |=B'SUQ)y forany B' =]+ © |€ SU(3)
H e l”L

(an explicit formula for k will be given in Section 2.3). Clearly
Y
' e = B'SU(2)' = SU(2)' = SUQ2) = §°
n

s0 S° is the fiber of .

2.3. Local Trivializations

C
K
Consider the Shbundle $° - CP?, where the complex projective plane
is the space of complex lines through the origin in C*; CP* has three canonical
charts given by the open sets

Z1
ve=d2@C\0pf2 = = |andz# 0L CPfork=1,2,3

3

and the homeomorphisms ¥, — C* map 2(0:\{0}) to (&, &) = (zilzk, zi/zi)
with i, j, k in cyclic order, the &; are called homogeneous coordinates. Then
the preimages of V; by the projection k3 define three open sets in S° given by

1
Uc=x3s' V) =z la#o0l=s5CS°

z3

Uiz U = §° with U; N U; # ¢ for all i, jand (0, 0, 1) € Us C S° but (0,
0, 1) & Ui, Us. Notice that the complements of S} with respect to S° are
homeomorphic to S*:

Z1
($3)° = S\S3 = | = ‘21‘2 + ‘22‘2 =1{=g
0

and analogous formulas for S7 and S3; (S;SC)" are closed sets in S°. We shall

3
trivialize the SU(3) — S° bundle over the Us.
In order to construct local sections of the bundle 73, consider the follow»
ing complex matrices:



2492 Aguilar and Socolovsky

—_—

1 0 a 0 a 0 0 a
c=10 1 b B= 0 b A= 0 b

0 0 ¢ 1 ¢ 1 ¢
It is easy to verify that the three column vectors in each of them are linearly
independent if, respectively, ¢ # 0, b # 0, and @ F 0. In the three cases we
take a‘2 + ‘bF + cf2 = 1. By the Gram—Schmidt procedure we can construct
unitary matrices C, B, and A and then, multiplying each of them from the
right by the matrix (§ 1), where z~' = detC, detB, or detA, we obtain the
following elements of SU(3):

/ P —ab
N N G

c= 0 N

—bc
NN

~

—|b|2 ac

bl + TP 1 =P

a
JE P NI
0o

,_‘
|

S

o

with detC = cl|c|, detB L —bi|b|, and detd = alla| /
(These formulas give an explicit expression for B" in K~
2.2: given

! of Section
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Y
o |le s

n

we choose B’ equal to 4, B, or C if, respectively, y, @, or i is # 0.) We
define local sections 6 Si — SU(3) as follows:

a a

i S > SU®), b l>o|b|=4
C C
a a

Gy S5 > SU®B), b |>o,|b |=B
C C

and

a a

G S3 > SU®3), b |>os|b |=C
C C

If m: P — X is a principal. G>bundle over X, and o : Up — P are local
sections, then @p: ©~'(Up) = Pg — Up X G, where @p(a) = (x, Yp(a)) with
x = m(a) and a = op(7m(a)) - Yp(a), are local trivializations. If ¢ and @p
are local trivializations and U, N Up # ¢, then @g 0o’ (U N Up) X
G —> (Ug N Up) X G satisfies @g 0c'(x, 8 = (x, gpa(x)), where gpa: Uq
N Up — G are the transition functions and op(x) * gpa(x) = Oa(x). In our
case, with G = SU(2), P = SU(3), X =S°,B =k =1,2,3, Uy = S, and

Z1

P =SUQB)) = - e SUQ)

z3

Zk:r& 0

the local trivilizations of the SU(2)bundle p = m3: SU(3) — S° are

@11 SUB3) — 81 X SUQ)',

a
P1(R) = (p(R), (c1(p(R) 'R = | [b | 4*R
4

@2 SU3)2 =83 X SUQ2)',
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a
92(8) = (p(S), (c2(p(S)))~'s) = | [b | B*S
C
and

@03 SU3): > 83 X SUQ2),

a

@3(T) = (p(T), (o3(p(T)) ' T) = [b |, C*T
C

The matrices A*R, B*S, and C*T are of the form

D 0
0 with D € SU(2)
0 0 1
@1, (2, and @3 exhibit the local structure of SU (3). The transition functions are
a
g SiNS —>SUQR), gn|b |=4*B
¢
>a
g3t SN S —>SUQR), gs|b |=8B*C
¢
and
a
g SN S >SUR), gul|b |=c*4
¢

Notice that I € SU(3)3, but 1 ¢ SU(3); for j = 1, 2, so SU(3)s is an
open neighborhood of the identity. The inverses of the local trivializations
are given by

Vi: 83 X SUQ2) — SU(3)s, b |,R |~ CR;

Va: 8§53 X SUR2) — SU(3)s, b |,R |~ BRS

and
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with ; = @; ' after identifying SU(2)

S} X SUQ2) = SU(3)1,

2495

a
b |, Ry
4

— AR}

=~ SU(2)’, and

0
r= & o k=1,2,3
00 1

These formulas give all elements of SU(3) in terms of points of the 3> and

5>spheres.

With the help of the above formulas the set of matrices of SU(3) can
be divided into seven disjoint subsets: SU(3)123, SU(3) i, and SU(3);; x, respec»

tively, the pieces of SU (3) lying over St; = ST N S5 N 83, 7 =

S\(S}

U SY), and S5, = 87 N S \STs, with 4, j, k € {1, 2, 3} in cyclic order:

|c|2z/c + abw

|lcPPwic = bz

i —DE

N

—az + bew
=P

W

‘aP + ‘bP + c‘2 =150<]|a

>

0
ze
—w

o

—ze '

0

—w
ze '@
—w

0

aw + bez
1= |op
b|, c‘ <1
0 ad
we ™ 0
z 0
—we ™ 0
0 ad
z 0
we ™ 0
z 0
0 ad

a

b S SU(3)123

(S SU(3)1,23

(S SU(3)2,31

S SU(3)3,12
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_ZE _WB a

za2 wa2
a a

—w z 0

S SU(3)12,3

o + Jef =105 # 0;

—zlb —wlb
b

whe — —zbc » |€ SU3)23.1
bl Tl
—‘b‘w ‘b‘ c

ol + 1P = 1.5, ¢ # 0:

Clz CZW
a
c c
—w oz oo |SSUOm

—daz —aw 4

P+ lef

‘a 1; a, ¢ # 0; with ‘2‘2 + ‘w‘z = 1and ¢ € [0, 2m).

Remark. The above results can be extended to the bundles

Utn — 1) = Un) 52!

1.e., to the unitary groups. In particular, for n = 3 we have the pair of maps

U Sus) s

U(2) :{(we _Ze )

The local trivializations of U(3), ¢x: U3 — S; X UQ2)', k =1, 2, 3, and
where U(2)" = (U(2)) are given by the same formulas as those for SU(3)
with the matrices 4, B, and C, respectively, replaced by the matrices A, B,
and C.

with

P+ [wP=1.%€e 0. 2n)}
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3. SU@3) FROM THE N = 2 HOPF BUNDLE
3.1. Suspension
The suspension of a topological space X is the quotient space given by

— X X1
= X X {0}, X X {1} = {[x, Pnexxs

with

{(x, 0}, te (0,1)
[x,] =dXX {0}, t=0
XX A1}, =1

This means that in the product X X I, X X {0} has been identified to one
point and X X {1} has been identified to another point. Intuitively, it is clear
that SS° = §', SS' =~ §% ..., SS"! = §". The suspension of a continuous
function is defined by Sf{([x, #]) = [Ax), 7], which satisfies the functorial
properties Sidy = idsy and S(g © f) = Sg * Sfif f: X >Yand g: ¥ —> Z
If p2 Z X I — SZ is the projection p(z, f) = [z, 7], then the following
diagram commutes:
x 5 vy

10\L \ng
fXid
XXI —> YXI
n o

Sf
SX — SY

If H: X X I — Y is a homotopy between /o and ki, then SH:SX X I — SY
given by SH([x, 1], ¢') = [H(x, t'), 1], i.e., (SH)r = SHy is a homotopy
between Shy and Sh;. SH is called the suspension of the homotopy. Then
there is a well>defined function between homotopy classes of maps S: [ X, Y]
= [SX, SY], [f] = S(/D = 5]

If X is a pointed space with base point xo, then the reduced suspension
of X, S, X, is defined by

XX I
XX {0} U XX {1} U {xo} X1

S X=

i.e., all the points in X X {0}, X X {1}, and {xo} are identified to one point.
In this case its elements are given by
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XX{0UXX{IU{x} XL x=x al tel
[x, 1] = t=0orl, all x€ X
{(x, D1, t€(0,1) and x# x

Xo = [xo, 7] is the base point of S, X. If f: X — Y preserves the base points,

i.e., if fixo) = yo, then S, f{xo) = yo, and if ho ~ hi(rel xo), then Sho B Shi(rel
Xo). (rel xo means that the homotopy H preserves the base point.) Also, there
is a homeomorphism @,4;: S,8" —S""! given by

R e + (- 20)%0), _ o tefo, 12
@nc1 (¥, 1) _{p_l((Z — 2% + (21 — D)xo), 1€ [12, 1]

where

=

n+2
xo=(1,0,...,0) € ! ={(x1,...,xn+2)\ Z X = 1}(: R+2

is the base point, §" = {x € S”H‘x +2 =0}, and if H. = {x e 5 x4
= 0}, H- = {x € S"“\x +2 < 0}, and D" = {(x1, ..., Xut1, oﬁ
2’7+11 x7 < 1}, then p+(—: H+—) — D""" are the homeomorphisms given by
(X1, ..., Xn+2) = (X1, . . ., Xu+1, 0) with inverses
n+1
(.xl,...,.xn+1, 0)>—>(X1,...,xn+1, +(—) — xlz)

respectively (Spanier, 1966). In particular,

-1
Cr+1 7

B =8 X (0} =8 X {1} = (vo} X T > X0
- -
and if x # xo, then

-1
Pp+1

I, 12] = ((x, 172)] 5%

5 The 1n¥erse homeomor_ghlsm 1_§ gly;en by the _;followmg formulas:
Xo > xo, if x € S, and x f xo then x> [x, 1/2] = {(x, 1/2)}, (0, ..., 0,
1) = N (north pole) — [—xo, 3/4] = {(—=x.3/4)}, (0, ..., 1) =S (south
pole) — [—xo, 1/4] = {(—xo, 1/4)}, and if x € Hy(\S", x # S, N, then

Prr1() = 2(0), 1+(-@)] = {C(0), ()]

with
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RORNEE (2(1 _ X1)X1 _ X,21+2, 2(1_ X1)X2, c 2(1 _ X1)Xn+1)
2(x) =
2(1 = x1) — Xi42

and 14((x) = 12 + (—)22/[4(1 — x1)].

3.2. SU(3) from the Hopf Map h

Let G be a path>connected topological group. Then the set of isomor»
phism classes of principal G>bundles over the msphere kg(S") is in onesto>
one correspondence with I1,-1(G) (Steenrod, 1951). This can be understood
from the fact that the m»sphere can be covered by two open sets Ui, Ua,
which are homeomorphic to mballs and contain $" ', and the fact that any
bundle over an m>ball is trivial. Using these trivializations, there is only one
transition function gi,: U; N U, — G for a bundle & Then we associate to
£ the map gpa|s»~: "' — G, called the characteristic map of & Therefore,
if the characteristic maps of two bundles are in the same homotopy class,
then the corresponding bundles are isomorphic, and a bundle is trivial if and
only if its characteristic map is nulbhomotopic. Notice that in our construction
of the local charts for SU(3) we have used a different tr1v1dhzdt10n In the

following we shall consider the bundles SU(n — 1) —> SU(n) ™ § 1 and
call g,: $*"~* — SU(n — 1) the corresponding characteristic maps.

To study the case n = 3 we need the following:

Proposition.  The successive suspensions of the Hopf map,
Sh: St — 83 S2h: §° — 8% ..., are essential (Steenrod and Epstein, 1962).

As a consequence, we have the following:
Proposition. SU(3) is determined by the suspension of the Hopf map.

Proof. For n = 3, ksu(S°) = [$*, 8% = [14«(S?) = Z, = {0, 1} and g3
§* — §°. By the proposition above, S,h is essentlal To see that g3 is also

essential we will show that the bundle SU(3) —>S5 is not trivial. By (Ito

1993), I14(SU(3)) = 0; on the other hand, IT4(S® X SU(2)) = I[14(S°) X T14(S%)
=~ 0 X Z, = . Hence SU(3) is not isomorphic to the trivial bundle. Since
[14(S®) = Z, we have that [g3] = [S/4]. QED

4. THE CASE OF SU(N)
4.1. SU(4)

For n = 4, ksy3(S7) = [S°, SU(3)] = [(SU(3)) = Zs, which has two
generators. This means that up to isomorphism there are five nontrivial SU(3)»
bundles over S7, one of them being SU(4) since I1s(SU(4)) == 0 and TTs(S” X
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SU3)) = [Ts(S") X TIs(SU(3)) = Zs. Let g4: S°* — SU(3) be its characteristic
map. If g4 were a homotopy lifting of S>/, then there should exist a lifting
gh by 13 SU(3) — S° of Sih: §° — S, ie., a commutative diagram

SU(3)

gi] \‘7'53
S3h

S - 8
with g4 ~ g4. We have the following result.
Proposition. T3 does not lift S>h.

Proof. We will show that the homomorphism 7t5+: [1s(SU(3)) — I15(S°)
is zero. This implies that any map S° i>S5 which factorizes through 73, i.e.,
a map for which there exists a map S° i>SU(3) such that w3 © g ~ f, is nulb
homotopic. The result now follows from this since S;/ is essential.

Consider the long exact homotopy sequence (Steenrod, 1951) of the

3
principal bundle SU(2) — SU3) —> S

S TISUG)) S TS S TIsY) > Ts(SUG) - . . .

This gives an exact sequence:

s b b, S1 >

where we called B3, y, and o the homomorphisms corresponding to 73+, O,
and 1+, respectively. Since Z, is a torsion group and Z is torsiom>free, then
the homomorphism « is zero. Therefore Y is an isomorphism, i.e., ker(y) =
ker(8) = {0} = Im(T3), ie., T3+ = 0. QED

Remark. This result can also be obtained from the general theorem
proved in Section 4.4. However, the proof given above is simpler.

4.2. (H, f)-Structures

Let H and G be topologlcal groups (e.g., Lie groups), &w: H —

PH —>BH and &g: G = PG —>BG their universal bundles, and f H — G
a topological group homomorphism. Then the action f: H X G = G, f(h, g) =
f(h)g induces the associated principal G>bundle (En)g: G — PH Xy G —>
BHwithtotalspace PH Xy G = {[a, g]}(a,0) e PHXG, 4, &) = {(ah,f(h_l)g)}/le H,
action (PH Xy G) X G — PH Xy G given by [a, g] - g' = [a, gg'], and
projection (7ty)g([a, g]) = mu(a). PH Xy G is isomorphic to the pullback
bundle (Bf)*(PG), where the induced function Bff BH — BG is uniquely
defined up to homotopy.
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If HTop is the category of paracompact topological spaces and homotopy
classes of maps and Set is the category of sets and functions, then for each
topological group K there are two cofunctors kx and [, BK] from HTop to
Set such that for each topological group homomorphism f: H — G there are
natural transformations f«: ky —> k¢ and Bfs: [, BH] — [, BG], and natural
equivalences Yy and V; which make the following functorial diagram
commutative:

S

ky - kg
70 Mg
Bf
[, BH] =, BG]

So, for each paracompact topological space X the following setrtheoretic
diagram commutes:

k(X) 5> k()
‘JJHTE ET\V(;
Bf,

X, BH] >[X, BG]

where kx(X) = {isomorphism classes of principal K>bundles over X}, [X,
BK] = {unbased homotopy classes of maps from X to BK}, Vx(a]) =
[0*(PK)), fox(M]) = [E) withn: H > E B> Xand & G > E Xy G 5 X,
and Bf,([a]) = [Bf 0. If [§] € ka(X), then [, '({[€]}) is the set of (H, /)
structures on &; this set can be empty. So, £ has an (H, f)»structure if and
only if there exists a map o: X — BH such that Bf © o. ~ F, where F is the
classifying map of & One can show that this definition is equivalent to the
existence of a G>bundle isomorphism

EXyG > P
N T
X

where H > E 5> Xisa principal A>bundle or, equivalently, to the bundle map

oxf

EXHSPXG
Ky W
E > p

KRN K™
X

where @ = @ © @y with ¢r: E = E Xy G given by @7 (a) = [a, €] (e is the
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unit of G) (Aguilar and Socolovsky, 1997a). One says that (E, @) is an (H,
fystructure on G —> P 5x

In the case of smooth bundles, if the Lie group homomorphism
H EN G is an embedding, i.e., an injective immersion, then E is called a
reduction of P to H. In this setting, one has the following:

Proposition. 1f fis an embedding, then ¢ is also an embedding.

Proof. Since @ = @ ° @r and ¢ is a diffeomorphism, then ¢ is an
embedding if and only if @y is an embedding; we shall show that @ is an
embedding. (i) @y is injective: Let @f(a1) = @r(an), i.e., [a1, €] = [aa, €]; since
[a, e] = {(ah, f(h™")}sen, then there must exist # € H such that (aj, ¢) =
(axh, f(h™Y), i.e., a1 = azh and f(h™") = e, but f'is injective, so h~' = h =
¢, the identity in H, and then a1 = a».

(i1) doyis injective at each a9 € E: Consider the commutative diagram

EXG

in N
of
E - E Xy G
where i(a) = (a, e) and p(a, e) = [a, e]. By Greub et al. (1973),
H—o>EXGLHEXyGisa principal H>bundle, so fixing (ao, €) € E X
G, there is a map Og.e: H = E X G, given by Qg ¢(h) = (a0, €) - h =
(aoh, f(h™")), in particular, O (e') = (ao, ). One then has the following
diagram of vector spaces:

(da(ao.e))e’ (dﬁ)(ao.e)

0 —->T,H——> T((,O,(,,)(E X G) ———)T[(,O,E](E Xy G) -0
(di),} Ad9p)a,
TooE

where the horizontal sequence is exact and the triangle commutes. If p; and
P2 are, respectively, the projections of £ X G onto E and G, then p; © i(a) =
a, i.e., p1 © i = idg and p> © i(a) = pa(a, e) = e, i.e., p» © i = const, hence
(d(p1 D)a = (d(idE))ay = idr, e and  (d(p2 i))ay = (d(const))a, = 0.
Therefore, (di)ay(v) = ((d(p1 © 1))ag(v), (d(p2 ° ©))ag(v)) = (v, 0). On the other
hand, p1 - Oag.e(h) = pi(aoh, f(h™") = aoh := otug(h), p2 - Oay.e(h) = p2(aoh,
f(h™Y) = f y(h), where y: H — H is given by y(h) = h™'. Therefore
(dOta.0)e' (W) = (d(p1  Otape)er (W), (d(p2  Cague))er(W)) = () (W),
(df)e © ((dY)er(w). Let (r,5) € Im((di)ay) N Im((dOl(ag,¢))e)); then s = 0 and
hence 0 = (df). ((dY). (w)); therefore (dy).(w) = 0 because fis an immersion
and, since Y is a diffeomorphism, w = 0, so r = (dOy)(0) = 0, i.e.,
Im((di)ay) N Im((dOag.e))e’) = {0}. Finally, let v € ker((d®pq,); then 0 =
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(dp)(f10~l’)((di)llo)(v))’ i'e'a (di)llo(v) € ker((dp)(ao.e)) = Im((da(ao,e))e’), i-e~,

(di)ap(v) = 0. Since i is an embedding, then v = 0, i.e., (dQ))q is one
tooone. QED

Remark. One often finds in the literature (Kobayashi and Nomizu, 1963;
Trautman, 1984) that to define a reduction to a Lie subgroup H C G, ¢ is
required to be an embedding. The proposition above shows that this is a
consequence of the fact that H — G is an embedding.

Tn+1
4.3. SU(n) — SU(n + 1) — S§’™! as an (SU(n), 1)-Structure on
Un) > U+ 1) = st

Proposition. Forn = 1, 2, 3,..., the bundle 7,+; is a reduction of
the bundle p,+1, i.e., one has the U(n)>bundle isomorphism given by the
commutative diagram

(SUM + 1) Xsuom Um) X Un) " Ut + 1) X Uln)

M _ W

SUn + 1) Xsum Un) AN Un + 1)
Int1y Pr+1
S2n+1

where M(D, 4], B) = [D, ABl, ¢u+1[D, A = Tus1 (D) = Deo, W(C, B) =
Cj(B), pu+1(C) = Cep, and ¢ and j are given below.

Proof. Consider the inclusion SU(n + 1) N U(n + 1); one can easily
show that this is a smooth bundle map between the principal SU(n)>bundle
T,+1 and the principal U(n)>bundle p,+i. Therefore, by Greub et al. (1973)
the map @ given by (p(ED, A]) = Dj(A), where j is the inclusion U(n) — U(n
+ 1) with j(4) = (61 1), is a smooth bundle isomorphism. The inverse of ¢
is given as follows: if C € U(rn + 1), then C = DI(detC), where D =
C(l(detC))™" € SUm + 1) and I: U(1) = U(n + 1) is the inclusion I(z) =
G 9, then [D, I(detC)] = o (C). QED

Remark. Notice that if 1: SU(n) — U(n) is the inclusion, then p, © 1 = T,.

4.4. Proof of the Main Result

Proposition. Let H and G be path>connected topological groups such
that each one has the homotopy type of a CW>complex, and let /: H — G be
a continuous homomorphism. Then, in the following diagram each horizontal
function is a bijection and each square commutes, forn =1, 2, 3, .. .:
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”dJG*

n

576 "% s 0BG S 15,57, BG) S ko(s¥H

M 108/ 1By i
n adj pr« i

(S H] 23 (S QBH] — [S,5%, BH] — ku(S*"*)
where kg, f+, Bf+, and g have been defined before, QBK is the loop space
of BK, and fi, wks, (2Bfs, and adjg+ are given by fu([8]) = [/ d], ux([c]) =
[Ux ~ O](uk is defined below), QBfu(x]) = [QBf ~ k] with QBf QBH —
QBG given by QBAy) = Bf v, and adjx=((at]) = [adj(ct)] with adj(a)([z, 1])
=az)(1), t € [0, 1]. The set [S*", K] = I1,,(K) corresponds to the characteris»
tic maps for the Kprincipal bundles over $*"*'.

Proof. The commutativity of the right square has been proved in Section
4.2, with $*"*! = X. The natural equivalence adj is given by the exponential
law 1in function spaces (Spanier, 1966). By Switzer (1975) there exist homo-
topy equivalences [k such that the diagram

H L ¢

HHT THG
QBf

QBH — QBG
commutes up to homotopy, therefore gy is a bijection and the first square
commutes. Finally, notice that in the diagram of the proposition we are
dealing with based homotopy classes of maps. This corresponds to based
principal bundles. However, since we are taking path>connected topological
groups, the function that forgets the base points is a bijection between based
bundles and the usual unbased bundles of Section 4.2. QED

Theorem. For even n, n_ > 2 the clutching map g,+1 of the principal

bundle SU(n) —SUn + 1) @ s a homotopy lifting of the (2n —
3)th reduced suspension of the Hopf map /4. For odd n, n = 3, 1, © gu+1 is
nulbhomotopic.

Proof. We apply the previous proposition to the case H = SU(n), G =
U(n), and f = 1 (the inclusion), for n = 2, 3, .. . By the proposition in
Pn+1
Section 4.3, [§] = 1,(n]) with & U(n) > U(n + 1) > §¥*!and n: SU(n)
—SU(m + 1) — S**!. Then one has the commutative diagram

[Thn] €[S, Um)] = kuo(S™*Y) 3 [
1#1‘ hT
(1] € [S¥, SUM)] > ksu (S = ]

where U = Yuw) © adjum* © Lome and vV = Vsuw) © adjsum* - Wsums are
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bijections, and T'j,+1 is the clutching map for the principal bundle & (Steenrod,
1951). Then [Tha] = (&) = p~'(w(m]) = " wV(lgmD) =
W s © V([gn+1]) = w((gn+1]) = [t ° gn+1] and therefore Th+1 ~ 1° gu+1.

Consider the following diagram:

Un + 1)

U(n)
Tivi NP

§2n=3)
g2 '_> g2l
Steenrod (1951) proved that for n even, n = 2, p, ~ Th+1 ~ S °h, i.e., the
diagram commutes up to homotopy, while for n odd, n = 3, p, © Th41 ~
const. Then, pu “ Th+1 ~pn - (0 gut1) = (Pn 1) © Zut1 = Tu © Zut1

S*3h, neven QED
const, n odd

Corollary. (1) If n is odd (n = 3), then SU(n), as a principal SU(n — 1)»
bundle, does not have a reduction to the subgroup SU(n — 2) L>SU(n —1).
(i) If n is even (n = 4), then SU(n), as a principal SU(r — 1)>bundle, has
a reduction to the subgroup SU(n — 2) L>SU(n —1).

Proof. By the proposition above we have the following commutative
diagram:

Hzn—z(SU(n - 2)) li)Hzn—z(SU(n - 1))
I I

1*
ksun-2(S™""") = ksva-n(S™ ")

SU(n), as a principal SU(n — 1)bundle, is represented by the class
[T] € ksup—1y(S™ "), and [7t,] has a reduction to the subgroup SU(n — 2)
if and only if [7,] € Im(1+). Since the diagram commutes, this happens if
and only if the homotopy class of its characteristic map [g.] € [12,—2(SU(n
— 1)) is in the image of 1z By the exact homotopy sequence of the bundle

SU(m —2) = SUMm — 1) > §73,
- Ty (SUG — 2)) -5 Thpo(SU— 1)) =" Tayoa(S" %) —> ..

we have that Im(1s) = ker(7,—1#). Therefore [m,] has a reduction to SU(n —
2) if and only if 7,—1 © g, is nulbhomotopic.
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Let n be even; then by the theorem above, 7,—1 © g, is null>homotopic
and hence [7t,] has a reduction. Let n be odd; by the theorem above, 7T,-1
gn = S2°h, which is not nulbhomotopic (Steenrod and Epstein, 1962);
therefore [,] has no reduction. QED

Proposition. SU(n) as a principal SU(n — 1)bundle is not trivial, for
all n = 3; in particular SU(n) is not homeomorphic to SU(n — 1) X $*"~'.

Proof. Let n be odd and assume that SU(n) is a trivial bundle. Then this
is equivalent to a reduction to the trivial subgroup {0} — SU(r — 1), and
this implies a reduction to any subgroup of SU(n — 1), in particular to
SU(n — 2), which contradicts the corollary above.

Let n be even and assume that SU(n) is a trivial bundle. Then SU(n) =
SUn — 1) X $*"7'. By (Ito, 1993), I1,,(SU(n)) = Z,, [1,,(S*" ") = Z, and,
since # is even, IL,,(SU(n — 1)) = Z,». Therefore we would have that Z,
= 7o & I, but this implies that n!/2 and 2 are relatively prime, which is
a contradiction. QED

5. S* AND RELATIVITY

As is well known, the Lorentz group, the group of linear transformations
of Minkowski space>time which preserves the scalar product (x, y) =
x'My, where

I 0 0 0
0 —1 0 0
o o0 -1 0
0 0 0 -1

is the Minkowskian metric, is a subgroup of the symmetry group of several
gauge theories of gravity (Hehl ez al., 1976; Basombrio, 1980). This means
that O(3, 1) is a subgroup of the structure group of the corresponding principal
bundles. The relationship between these theories and the 2>sphere (the Rie»
mann sphere CU{}) comes from the fact that there is a canonical Lie
group isomorphism between the connected component of O(3, 1), the proper
orthochronous Lorentz group SO°(3, 1), and the group of conformal (Mobius)
transformations of S% Conf (S%). We recall that Conf (S°) is the set of all
invertible transformations of the Riemann sphere which preserves the angles
between curves and that at each point multiply all the tangent vectors by a
fixed positive number.

Letg = (¢ bd) be an element of GL,(C); we define a Mobius transforma>
tion m: S — S? as follows: if ¢ # 0, then
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LD i e
z> Jez +d
ey if z= —dlc
and
> alc
And if ¢ = 0, then
z >—> Tz+ b
d d
[COIEEN o0
It is then easy to verify that the following diagram commutes:
Ziz
SLy(CT)
Vy &
S0°(3,1) BN Conf (%)

where (i) the projections ¥ and A are twotorone group homomorphisms,
respectively given by

a by _
2 > 2 > 2 _ |2 2_ |k
[lbabbelbeld ur o) s o) Lozbiel=l

2
Re(ac + bd) Re(ad + be)  Im(ad — be) Re(ac — bd)
—Im(ac + bd) Im(ad —bc) Re(ad — bc) —Im(ac — bd)
b 2 b | A2 > il | 2
\a oA A

PRCER

(Penrose _and Rindler, 1984), and A(g/~\/detg) = m with A(g/~\/detg v
M—gl \Jdetg); and (iig ©(l) = m is the desired isomorphism. SL,(C) —

S0°(3, 1) and SL,(C) — Conf(Sz) are Ly principal bundles.
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Thus we conclude that the symmetry group of the standard model
Gy, when gravitation is included, locally contains, as a space, S' X ($%)* X
S° X Conf(SY).

Remark. In the framework of the theory of categories, functors, and
natural transformations, some of the geometrical objects of the previous
sections, e.g., spheres and the Hopf map, have a natural origin. This suggests
a possible relation between symmetries in nature, and therefore conservation
laws, and some of the most general mathematical concepts. The basic idea
is that of a representable functor (Aguilar and Socolovsky, 1997b).
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